Abstract -In this paper, a set of mechanism based unified viscoplastic constitutive equations have been established for two-phase titanium alloys with initial lamellar microstructure, which models the softening mechanisms of the alloys in hot forming conditions. The dislocation density, rotation and globularization of lamellar a-phase and their effects on flow behaviour can also be modelled. The values of material constants in the equation set have been calibrated, according to stress-strain curves and globularization fractions of lamellar a-phase obtained from compression tests at a range of temperatures and strain rates, using a genetic algorithm (GA) based optimisation method. Based on the determined constitutive equations, flow stress and globularization evolution of Ti-17 and TA15 alloys at different temperatures and strain rates were predicted. Good agreements between the experimental and computed results were obtained.
Introduction
Due to a high strength to weight ratio, good thermal stability and welding performance, two-phase titanium alloys have been widely used in the aerospace industry [1] [2] [3] . Two-phase titanium alloys can exhibit different microstructures via different heat treatments and forming conditions, such as fully lamellar, bimodal and fully equiaxed. A microstructure consisting of globular a-phase in a b-matrix or transformed b (so-called equiaxed microstructure) possesses a good balance of strength and ductility and is thus more desirable for many service applications [4] . Generally, the desired equiaxed microstructure is obtained by breaking down a lamellar microstructure through subtransus processing. In this process, dynamic globularization of a-phase plays an important role.
Most previous research has been focused on kinetics of dynamic globularization and the flow behaviour of two-phase titanium alloys with initial lamellar microstructure through compression or tensile tests. Semiatin et al. [5] investigated the dynamic globularization of Ti-6Al-4V during hot working, and analyzed the strains required for its initiation and completion. Shell and Semiatin [6] studied the effect of initial microstructures with different a plate thicknesses on dynamic globularization behaviour of Ti-6Al-4V alloy. Miller et al. [7] studied the flow behaviour and its dependence on the a-platelet thickness during hot working of Ti-6Al-4V alloy with lamellar microstructure. Park et al. [8] investigated the origins of flow softening of Ti-6Al-4V alloy with initial lamellar microstructure. In their study flow stress softening was less related to dynamic globularization of lamellar a and rotation and particle coarsening of lamellar a were considered as the dominant mechanisms for flow softening. Wu et al. [9] quantitatively studied the dynamic globularization kinetics of TA15 alloy with a lamellar a microstructure during compression in a temperature range of 860-940°C and strain rate range of 0.01-10 s
À1
. They found that the dynamic globularized fraction increases with increasing strain and temperature but with decreasing strain rate. The initiation and completion strains for dynamic globularization of TA15 were predicted using the Avrami-type equation. Wang et al. [10] investigated the flow behaviour and microstructural evolution of Ti-17 alloy with lamellar microstructure during hot deformation in a two-phase (a + b) field. In their study, flow softening was attributed to kinking break up and globularization of lamellae due to deformation strain and, to a small extent, deformation heating. Modelling of dynamic globularization of lamellae during the hot working of titanium alloys, to obtain an equiaxed microstructure, plays an important role in process optimisation. It has been reported that the globularization is initiated at a critical strain and the globularization fraction increases with strain in a sigmoid way [9, 11] . The Avramitype equation is often employed to depict the variation of globularization fraction with strain [9, 11, 12] . A backpropagation artificial neural network (ANN) based model was developed by Wang et al. [13] for predicting the dynamic globularization fraction of Ti-17 alloy during hot forming. These approaches can be used to predict the globularization fraction well; however, microstructural evolution was not coupled to deformation kinetics in the models.
The accuracy of numerical simulation largely depends on how accurately the deformation behaviour of a material is represented by the constitutive equations used [14] . There are three main approaches to model the constitutive relations of titanium alloy. They are: empirical, advanced statistical and physically-based internal state variables [15] [16] [17] . In the empirical method, an Arrhenius-type model has been widely used to predict the flow stress of titanium alloy at elevated temperatures [18, 19] . Cai et al. [20] carried out an analysis of the constitutive relations of Ti-6Al-4V alloy using a revised Arrhenius-type model. Good agreements between experimental data and predicted data were obtained. Peng et al. [21] conducted a comparative analysis of the Arrhenius-type equations and an artificial neural network (ANN) model to predict the flow stress of an as-cast Ti60 titanium alloy. They found that the ANN model is more efficient in terms of predicting flow stress. However, they are not deformation mechanism-based models. Porntadawit et al. [18] studied the flow behaviour of Ti-6Al-4V using a modified Arrhenius-type equation, a Cingara equation, and a Shafiei-Ebrahimi equation, and the influence of both work hardening and dynamic recrystallization on the hot deformation behaviour of materials were revealed. Zhao et al. [22] investigated flow behaviour and microstructure a Ti600 titanium alloy and established an Arrhenius-type, multiple-linear regression and artificial neural network model to predict the flow stress of the material. Recently, constitutive models coupling microstructural evolution with deformation have received increasing attention. Gao et al. [23] proposed a model comprising a set of unified physically-based equations coupling microstructural evolution for predicting flow stress and globularization evolution during hot working of two phase titanium alloys with initial lamellar microstructure. Babu and Lindgren [24] established a dislocation density based model for plastic deformation and globularization of Ti-6Al-4V. Bai et al. [4] developed mechanism-based unified elastic-viscoplastic constitutive equations coupling globularization of secondary a phase, dislocation density, plastic deformation induced temperature increase and phase transformation, to model flow softening of Ti-6Al-4V. The experimental study indicates that the dominant softening mechanism for two phase titanium alloys with initial lamellar microstructure is slip mode change and the main deformation occurs within the b phase [25] . However, there are no unified mechanism-based viscoplastic constitutive equations available to consider the deformation mechanisms and microstructural evolution of two-phase titanium alloys during hot forming. Thus further work is required.
In this paper, a set of mechanism based unified viscoplastic constitutive equations for two phase titanium alloy with initial lamellar microstructure under hot working conditions was developed. It couples the transformation of slip mode due to kink and rotation of lamellar-a phase, as well as the globularization evolution of lamellar-a phase. The unified constitutive model was applied to hot working of Ti-17 and TA15 alloys. In addition, the prediction accuracy of the constitutive descriptions was evaluated through the average absolute relative error (AARE) and correlation coefficient (R). The results show that the proposed model can accurately describe the flow stress globularization relation during hot forming of two phase titanium alloys with an initial lamellar colony microstructure.
Model description

Viscoplastic flow rule
During hot deformation, an alloy is deformed viscoplastically and a flow rule in terms of power law is used to describe the relation between strain rate and flow stress [26] :
where r is flow stress, _ e p is the rate of plastic strain with deformation time (the definite of time is applicable to the rate of other state variables in this work), k is the initial elastic limit which is temperature dependent. H is an internal variable representing the isotropic hardening which expands the yield surface of the material. K is a parameter related to viscous stress, and n is viscous exponent. A higher value of n indicates a less variation in stress for a certain change of straining rate, that is, the viscoplastic effects are weaker. Both K and n are temperature dependent. The Macaulay brackets hAEi ensure that, when (r -H À k) > 0, i.e., when effective stress is outside the elastic domain, equation (1) is tenable.
Evolution of dislocation density
It is difficult to measure the absolute dislocation density of a material experimentally. Therefore, a normalized dislocation density defined by Lin et al. [26, 27] is employed:
where q 0 is the initial dislocation density and q is the instantaneous dislocation density during deformation. The normalized dislocation density equals zero (" q ¼ 0) in the virgin material. At large deformation, q ) q 0 , thus " q ! 1:0, which corresponds to the saturated state of a dislocation network of the material.
With regards to high temperature deformation mechanisms, i.e. static and dynamic recoveries and globularization of lamellar a, an evolution equation of the normalized dislocation density is proposed as [26] :
where A 1 and A 2 , are temperature dependent parameters, C 1 and C 2 are material constants, and S is an internal variable representing the globularization of lamellar a. The first term represents the accumulation of dislocations due to plastic deformation and dynamic recovery. The second term models the static recovery of dislocations. The third term is related to the reduction of dislocation density due to the globularization of lamellar a, which is mainly achieved through recrystallization [12, 27] . More details of the evolution of globularization, S, is given in Section 2.5.
Modelling of isotropic hardening
Isotropic hardening in the studied type of alloys during plastic deformation is expressed as follows:
where H A represents isotropic strain hardening and H B represents the grain boundary strengthening at the a/b interfaces. Strain hardening is due to the accumulation of dislocations. A few of the mobile dislocations remain locked in the material lattice, and interact with other dislocations, forming new obstacles to dislocation slip. A proportional relationship existing between the flow stress and the square root of the dislocation density has been confirmed in previous studies [28, 29] .
where B is a temperature dependent material parameter, " q is the normalized dislocation density. The internal variable H A presents not only the isotropic hardening caused by stacking and interaction of dislocations, but also allows for material softening resulting from a decrease in the dislocation density. The formulation of H B is detailed in Section 2.4.
Modelling of the softening mechanism
The main softening mechanism of two-phase titanium alloys with colony lamellar microstructure is that the slip mode turns from hard slip mode into soft slip mode [25] , which is caused by kink and rotation. The plastic deformation of two-phase titanium alloys with colony microstructure is activated through two types of slip mode, namely the hard and the soft slip mode [30, 31] , as illustrated in Figures 1a and  1b , respectively. The soft slip mode corresponds to systems in which dislocations glide parallel to the interface and transmit freely across a/b interfaces due to the presence of common slip system between the two phases [25, 30] . The hard slip mode, on the other hand, corresponds to systems in which slip transmission is impeded by a/b interfaces due to the absence of a common slip system between them. Therefore, the resistance of the hard slip mode is higher than that of the soft one.
The activation of these two slip modes depends on the misorientation h between lamella and stress direction, as shown in Figure 2 . When h equals 45°, the soft slip mode is activated; when h equals 0°or 90°, the hard slip mode is activated. When h falls in the range 0°-45°or 45°-90°, the slip mode is somewhere between hard and soft slip mode. With the increase of strain, the slip mode turns into soft slip mode gradually, resulting in flow softening [25, 30, 31] .
Based on the mechanism discussed above, a normalized variable x 1 is introduced to describe the transition of slip mode in a colony.
where h 0 is the misorientation of soft slip mode of a lamella (45°), h represents the angle between lamellae and stress orientation (0° h 45°). However, it is not practical to experimentally measure the current value of h between lamella and stress orientation for each colony in application. In this study, a normalized variable x is adopted to describe the extent of slip mode transition from hard slip mode to soft slip mode in terms of overall response of the material, representing the average behaviours of colonies with different misorientation angles. The transition of slip mode develops with increasing plastic strain and the internal variable x is suggested to be formulated as below [30, 31] :
where C 3 and c are material constants.
(a) (b) Figure 1 . Schematics of (a) soft and (b) hard slip modes in titanium alloys with lamellar microstructure [30] (l a and l b are the thicknesses of a and b lamellae, respectively).
Considering the loss of strengthening effect with the rotation of a lamellae, equation (8) is used to describe the phenomena:
where Dk c is a temperature and strain rate dependent parameter, representing the interface strength of a/b, expressed as:
where k c0 and k c1 are constants, Q kc is activation energy, R g is the gas constant, and T is absolute temperature in K.
Modelling of dynamic globularization of lamellar a
The dynamic globularization of lamellar a is the most important microstructural evolution behaviour in the hot working of titanium alloy with initial lamellar colony microstructure. The mechanism of globularization has been extensively studied and it is found that the globularization is mainly achieved through recrystallization [12, 27] . Referring to the dynamic recrystallization models proposed by Lin et al. [26] and the globularization equation proposed by Gao et al. [23] , the evolution of volume fraction of globularization can be formulated as:
where g, g 1 , g 2 are material constants, e c is critical strain for globularization and can be expressed as:
Where e c0 and n 1 are material constants, Q e is activation energy associated constant.
Formulation of the unified viscoplastic constitutive equations
The unified constitutive equations for a number of metallic materials have been established [4, 32, 33] . The equations enable a wide range of phenomena to be modelled, such as dislocation density [26] and microstructural evolution [34] , based on the deformation mechanisms. Considering that the total strain e T can be divided into an elastic strain (the elastic strain can be determined by Hooke's law of linear elasticity) and a plastic strain e p , a set of unified viscoplastic equations for two-phase titanium alloy takes the form of:
In this set of equations, considering the initial structure change with temperature, which could affect the constitutive behaviour, the temperature dependent parameters k, K, B, A 1 , A 2 , g, g 1 , g 2, C 3 , c and E are defined using the classic temperature-compensated parameters in Arrhenius relations, listed in Table 1 . Parameters Dk c and e c are defined by equations (9) and (11), respectively.
For practical applications, e.g. FE simulation of hot forming processes, the tensorial form of the constitutive model should be used. Therefore, the set of constitutive equations (12) is given in the tensorial form: 3. Model application
Determination of model parameters
The unified constitutive model established in this work is a set of highly non-linear and tightly coupled ordinary differential equations containing a number of constants. It is difficult to determine the values of the constants from experimental data by traditional gradient-based optimisation search methods. Evolutionary programming optimisation techniques, minimizing the residuals between the computed target values and experimental data, have been usually used to determine the model parameters [35] . The details of the optimisation method and the corresponding numerical procedure for this type of problem are described by Li et al. [36] , Lin et al. [37, 38] , Cao et al. [39, 40] and Zhou et al. [41] . Referring to the objective function developed by Cao and Lin [39] , two sub-objective functions were defined as:
where f 1 (X) and f 2 (X) are objective function describing the error between the computed and experimental values of flow stress and globularization fraction. X is the array of material constants within the set of equations; M and M g denote the number of flow stress-strain curves and globularization fraction -strain curves obtained from the experiments; N j and N j g are the number of data points on the jth curve; the superscript c denotes the values computed from the material model, and the superscript e denotes the corresponding experimental values.
The experimental flow stress and globularization fraction data at various deformation temperatures and strain rates were used to calibrate the material constants in the unified constitutive model. The global objective function was given by:
The numerical integration code used to integrate the equations was programmed using the forward Euler method, in which a constant integral step was applied. The GA parameters used were as follows: population size = 200, number of generations = 5000, crossover rate = 0.8 and mutation rate = 0.05. Through ''trial and error'' utilising a detailed understanding of the physical basis of each material constant, the best fit values were obtained incrementally.
Application to Ti-17 alloy
Ti-17 (Ti-5Al-2Sn-2Zr-4Mo-4Cr) is a ''b-rich'' a + b titanium alloy, due to an 8% content of b stabilizer alloying elements such as molybdenum and chromium. It was developed primarily for gas turbine engine components, such as disks for fan and compressor stages [13] . The regular characteristics of material flow behaviour and globularization during hot working of Ti-17 with initial lamellar microstructure was reported by Wang et al. [10, 12, 13] . It has been found that all the flow stress curves exhibit a noticeably flow softening and globularization of lamellar a phase. The flow softening was found to be caused mainly by the kinking, break-up and globularization of lamellae.
The experimental data of flow stress and dynamic globularization fraction at the deformation temperatures of 780°C, 800°C and 820°C and the strain rates of 0.001 s À1 , 0.01 s À1 and 0.1 s À1 were used in this work. The values of the constants within the equation (13) for Ti-17 alloy are listed in Table 2 .
Comparison between the experimental data (symbols) and the computed values (solid lines) is shown in Figures 3 and 4 . As can be seen, the fitted model is consistent with the test results, showing good accuracy in the computation of material flow stress and globularization fraction of Ti-17 during hot deformation. Generally, the flow softening trend and globularization kinetic are correctly fitted.
The predictive capability of the constitutive model has been assessed by statistical measures, viz. correlation coefficient (R) and average absolute error (AARE) listed in Figure 5 . It can be seen that the average errors are 5.86% and 17.27% for stress and globularization fraction respectively. The linear fits of both flow stress and globularization fraction are good, as the R values are 0.9880 and 0.9950, respectively. This indicates that the errors are small and the model is reliable.
Application to TA15 alloy
TA15 (Ti-6Al-2Zr-1Mo-1V) alloy, a typical near a titanium alloy, has been widely used in manufacturing structural parts in the aerospace industry due to its excellent high-temperature strength, specific strength, thermal stability, weldability, low growth rate of fatigue crack, and strong corrosion resistance [42] [43] [44] [45] . Wu et al. [9] studied the regular characteristics of flow softening and globularization during hot working of TA15 alloy with initial lamellar microstructure. The experimental Table 1 . List of temperature dependent parameters. R g = 8.31 J mol À1 K À1 (universal gas constant); T is the absolute temperature in K.
flow stress and dynamic globularization fraction in the temperature range of 860°C-940°C and the strain rates of 0.1 and 0.01 s À1 were used in this work, as shown in Figures 6 (symbols) and 7 (symbols). Table 3 lists the determined material constants.
Comparison between the experimental data (symbols) and the computed values (solid lines) is shown in Figures 6 and 7 , compared with experimental data. As can be seen, from 
flow stress and globularization fraction of TA15 during hot deformation. Generally, the flow softening trend and globularization kinetic were correctly fitted. The prediction capability of constitutive model has been assessed by statistical measures, viz. correlation coefficient (R), average absolute error (AARE), and its standard deviation (SD), listed in Figure 8 . It can be seen that the average errors are 4.17% and 4.49% for flow stress and globularization fraction, respectively. Considering the correlation coefficient shown in Figure 8 (a) (b) Figure 6 . Comparison of the experimental (curves) and computed (symbols) flow stress of TA15 with initial lamellar microstructure deformed at the strain rates of (a) 0.1 s À1 and (b) 0.01 s À1 for different temperatures. Table 3 . Determined values of constants for the equation set (13) for TA15.
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Conclusions
Considering the dominant mechanisms of deformation and microstructural evolution, a set of unified viscoplastic constitutive equations has been formulated and determined for the prediction of flow stress and globularization evolution in two-phase titanium alloys with initial lamellar microstructure during hot forming. In this model, the flow stress includes initial yield stress and isotropic hardening. Based on physical mechanisms, the formulated isotropic hardening equation consists of two terms which are strain hardening and boundary strengthening. The globularization evolution of a lamella is modelled as the function of strain and strain rate. The flow softening is modelled by introducing an internal variable x describing the transformation from hard slip mode to soft slip mode and the dislocation density decrease caused by globularization of a lamella. The values of the material constants within the equations are determined using the genetic algorithm based optimisation method. The model has been applied to Ti-17 and TA15 which are both two-phase titanium alloys with initial lamellar microstructures. Statistical analysis indicates that the proposed unified viscoplastic constitutive equations can be used to accurately describe the flow softening and microstructure globularization behaviours of the alloys under hot deformation conditions.
Implications and influences
In this paper, a set of mechanism based unified viscoplastic constitutive equations have been presented for modelling the dominant softening mechanism and the flow stress features. The equation set has been determined from experimental data of Ti-17 and TA15 alloys and close agreements between experimental and computational results have been achieved. These have demonstrated the applicability of the developed material model. (a) (b) Figure 8 . Correlation between the experimental and computed data of TA15: (a) flow stress, (b) globularization fraction.
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